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A general formulation of the moving horizon estimator is presented. An  algorithm 
with a jked-size estimation window and constraints on states, disturbances, and mea- 
surement noise is developed, and a probabilistic interpretation is given. The moving 
horizon formulation requires only one more tuning parameter (horizon size) than many 
well-known approximate nonlinear filters such as extended Kalman filter (EFK), iter- 
ated E m ,  Gaussian second-order filter, and statistically linearized filter. The choice of 
horizon size allows the user to achieve a compromise between the better pe$ormance of 
the batch least-squares solution and the reduced computational requirements of the 
approximate nonlinear filters. Specific issues relevant to linear and nonlinear systems 
are discussed with comparisons made to the Kalman filter, E m ,  and other recursive 
and optimization-based estimation schemes. 

Introduction 
The estimation of model parameters and states is an inte- 

gral part of many process modeling, monitoring, and control 
strategies. The success of many fault-detection methods and 
model-based controllers directly depends on the accuracy of 
the process model and the estimates of key states. The field 
of identification and estimation is usually divided into off-line 
and on-line methods. Off-line methods generally utilize batch 
processing of the data and are concerned with identification 
of time-invariant model parameters. The problem is often 
formulated as a least-squares optimization with the parame- 
ters chosen to minimize the sum of the squared errors be- 
tween the measurements and model predictions (Hsia, 1977). 
On-line methods require recursive processing of the data and 
are concerned with time-varying parameters and states. For 
this problem, an accepted approach is a stochastic formula- 
tion in which parameters and states are modeled as random 
variables and the variance of the estimation error is mini- 
mized. This method is preferred over the deterministic least- 
squares formulation since it provides a framework in which 
the quality of estimation can be quantified. 

The distinction between off-line (nonrecursive) and on-line 

Correspondence concerning this article should be addressed to J. H. Lee. 

(recursive) methods is not as rigid as it might seem. Most of 
the on-line methods were derived as recursive approxima- 
tions to a particular off-line technique. Due to their compu- 
tational advantages and ability to detect nonstationarities in 
the data and system properties, the use of recursive methods 
for off-line identification has been advocated by Ljung (1982). 
A proof of the convergence of recursive methods to the solu- 
tion of the off-line problem for linear systems is given by Ljung 
(1982). For parameter estimation in state-space models (a 
nonlinear problem), convergence of the recursive prediction 
error method to the off-line solution is discussed in Ljung 
(1979). 

For more general nonlinear dynamic models (see Eqs. 1 
and 21, the distinction between recursive and nonrecursive 
methods becomes more blurred. Even for moderate-size 
models with moderate amounts of data, the off-line solution 
of the least-squares problem may not be computationally fea- 
sible. In this case, a recursive solution is the only alternative. 
Unfortunately, the exact recursive solution is infinite-dimen- 
sional (Kushner, 1964), and some approximations must be 
made. These approximations have led to various nonlinear 
filters (e.g., extended Kalman filter (EKF), iterated EKF, 
Gaussian second-order filter, and statistically linearized fil- 
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ter); however, they often result in significant deviations from 
the off-line solution. This fact provides the motivation to ex- 
amine a moving horizon formulation that allows the user to 
achieve a compromise between the approximate recursive fil- 
ter and the batch least-squares solution at the cost of in- 
creased computational requirements. 

Much of the current theory of stochastic estimation began 
with the seminal work of Kalman (Kalman, 1960; Kalman and 
Bucy, 1961), which provided a recursive solution to the mini- 
mum variance estimation problem for linear systems with 
Gaussian variables. The Kalman filter was extended to non- 
linear systems (Kopp and Oxford, 1963; Cox, 1964) by lin- 
earizing the nonlinear model with a first-order Taylor expan- 
sion around the current estimate. However, when the error 
in the state estimates or the higher order terms neglected by 
the linear (first-order) model are significant, the EKF can 
exhibit poor convergence characteristics and biased estimates 
(Ljung, 1979; Maybeck, 1982). 

As previously mentioned, least squares is recognized more 
as a technique for off-line identification, since its basic form 
is nonrecursive (which is easily understandable but unsuit- 
able for real-time implementation). However, estimation of 
time-varying parameters and states can also be formulated as 
a least-squares problem, and recursive solutions can be de- 
veloped for certain cases. For instance, several researchers 
(Albert and Sittler, 1966; Jazwinski, 1970) presented a recur- 
sive solution to the general linear state estimation problem 
using the least-squares approach and showed its equivalence 
to the Kalman filter under certain choices of the weighting 
matrices. This suggested a connection between the least- 
squares and stochastic formulations of state estimation. For 
example, using Bayes’ Theorem, Cox (1964) gives the proba- 
bilistic interpretation that the least squares estimate corre- 
sponds to the maximum of the joint conditional density of the 
state trajectory. 

While equivalent in its basic form to its stochastic counter- 
part (the Kalman filter), the least-squares formulation of state 
estimation enables us to address some additional issues with 
relative ease. For instance, when optimization software 
(quadratic programming or nonlinear programming) is used 
to solve the least-squares problem, inequality constraints can 
be placed on the unknown variables. This is useful from an 
engineering viewpoint since the prior knowledge of the 
process is often in the form of inequalities (e.g., variables such 
as temperature, pressure, flow rates, and concentrations, must 
be nonnegative and cannot go above some upper bound; the 
rate of change of these variables is also bounded by mass and 
energy balance considerations). It is difficult to use this infor- 
mation in the context of the Kalman filter since the filter 
calculates the state estimate from its probability distribution 
and does not explicitly compute the sequence of unknown 
variables (initial errors, disturbances, noise). To be inter- 
preted as the minimum variance estimator, the Kalman filter 
implicitly assumes a normal distribution for the unknown 
random variables. By using constraints, these variables can be 
modeled as truncated normal variables. (The probability den- 
sity function of a truncated normal random variable resem- 
bles the bell-shaped curve of its normal counterpart with the 
tails cut off.) Although not immediately obvious, the concept 
of a truncated normal variable offers a significant advantage 
in terms of the robustness of the estimates and modeling the 

random variables (we can model unimodal distributions that 
are very different from the normal distribution). 

In addition, in the least-squares formulation, nonlinear 
model equations can be used explicitly-as opposed to the 
first-order approximations used by the EKF. However, in or- 
der to gain these additional benefits, it is necessary to mini- 
mize a least-squares objective subject to nonlinear ordinaq 
differential equations (ODE) and other inequality con- 
straints. Given the computational limits of the 1960s, it is not 
surprising that research in this area dwindled in comparison 
to recursive techniques based on linear filtering theory. 

We believe that there are several factors that justify reex- 
amination of this method as a tool for state/parameter esti- 
mation of nonlinear stochastic models. The steady advance in 
computer efficiency and numerical optimization methods 
coupled with decreases in hardware costs have contributed to 
the possibility of implementation of techniques that were once 
considered impractical. For example, successive quadratic 
programming (SQP) has greatly reduced the computational 
time for solving general nonlinear programming problems 
(Gill et a]., 1981). Furthermore, by taking advantage of the 
fact that the first-order conditions for optimality for these 
types of problems is nearly block diagonal, Albuquerque and 
Biegler (1994) have proposed a method where the computa- 
tional cost increases linearly with the size of the problem (as 
opposed to the quadratic to cubic rate of traditional SQP). 

The popularity of optimization-based control methods like 
model predictive control (MPC) is also a strong influence. 
Given the duality between linear quadratic (LQ) regulator 
and the Kalman filter, least squares estimation provides a 
similar framework in which the Kalman filter can be tailored 
into a technique with flexibility and intuitive flavor. Another 
important feature in the analogy between least-squares esti- 
mation and MPC is that we can take advantage of the wealth 
of theoretical and practical knowledge gained through devel- 
opment of MPC algorithms (Muske and Rawlings, 1993a; 
Rawlings et al., 1994). 

The problem addressed in this article is a general nonlin- 
ear estimation problem, which includes parameter estimation 
as a special case. Our objective is twofold. First, a general 
formulation of least-squares estimation along with its proba- 
bilistic interpretation is presented. The need for this becomes 
apparent when one considers the growing number of opti- 
mization-based estimation strategies proposed in recent years 
(Jang et al., 1986; Kim et al., 1991; Liebman et al., 1992; Ra- 
mamurthi et al., 1993). Understanding the probabilistic inter- 
pretation of the general formulation provides insight into the 
assumptions made by other researchers. Secondly, we present 
some new results within the suggested framework. Based on 
the probabilistic interpretation, a method employing a mov- 
ing estimation window is proposed to control the size of the 
optimization. This is in the same spirit as the moving control 
horizon used by MPC and allows for a trade-off between the 
accuracy of the estimation and computational requirements. 
The incorporation of prior knowledge of the unknown vari- 
able ranges as inequality contraints is discussed and a proba- 
bilistic interpretation of the constrained formulation is given. 
Specific issues relevant to linear and nonlinear systems are 
discussed. Comparisons are made with the Kalman filter, ex- 
tended Kalman filter, and other recursive and optimization- 
based estimation techniques. 
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Dynamic Model Given an initial estimate X1,J A [ x c o  & I T ) ,  the 
measurement sequence { y l ,  . . . , Y k } ,  and the model, 
Eqs. 6-7, estimate the error in the initial estimate Assume that the system is described by the following model: 

(1) 

where x is the state vector, u a known input vector, p a vec- 
tor representing unmeasured load disturbances and uncer- 
tain, (possibly) time-varying model parameters, w a vector 
representing errors in the state equations, y the measure- 
ment vector, and u a vector representing errors in the mea- 
surement equations. The subscript t denotes variables that 
are continuous in time, and the subscript k denotes values of 
these variables at discrete times. We assume that the sam- 
pling time of the process is 1, that is, y is observed and u is 
manipulated only at discrete time instants of t = 0, 1, . . . . 

To simplify the presentation, {Yk} is modeled as a zero- 
mean, uncorrelated sequence of random vectors and P k  is 
modeled as a discrete random walk process: 

where {wl) is a zero-mean, uncorrelated sequence of random 
vectors. If an element of the parameter vector is assumed to 
be constant, then the corresponding element of w p  is identi- 
cally zero. More complicated disturbance/noise models (to 
model more complex behavior for p ,  w ,  and u )  can easily be 
incorporated into the formulation by augmenting the 
state/parameter equations. 

The solution of Eq. 1 for one sampling interval is 

Xi ( X, - and the unknown sequence {wl, 
... ) wk-1). 

(Throughout this article, we use the notation { * } f J k  to denote 
the estimate of a vector at time C based on the measure- 
ments up to time k.) Once estimates of these unknown vari- 
ables have been determined, the current state estimate is ob- 
tained via the model equations. 

There are usually an infinite number of choices for {w,, . . . , 
w ~ - ~ } ,  {ul, ... , v k }  and xt that are consistent with a given 
measurement sequence {y , ,  . . . , yk}.  (We note that given the 
measurement sequence, the random variables { u l ,  . . . , uk} 
are not independent of Xf  and {wl, . . , , w k -  It is there- 
fore necessary to establish a criterion for calculating the 
"best" estimates of these unknown variables (or, equivalently, 
the states). If we consider the unknown random variables {wl, 
. . . , w k -  1 } ,  {u,, . . . , Y k )  and xf to be errors in the state 
equations, measurement equations, and initial estimate, re- 
spectively, we can use classical least-squares theory to mini- 
mize these errors. In a sense, we are obtaining the "best fit" 
of the state trajectory to the observations subject to the model. 
The weighted least-squares estimate at time k can be ob- 
tained by minimizing the following quadratic function of the 
unknown variables: 

and is denoted as 

x k  F ( x k -  1 ,  P k -  1 > uk- w;- 1 ,  (5) 

where {wj?) is assumed to be a zero-mean, uncorrelated se- 
quence of random vectors. Note that F( -) generally cannot 
be expressed in a closed form, but represents the solution of 
the nonlinear ODE over one sampling interval. 

Equations 2, 3, and 5 are combined to represent the form 
of the model that is used in this article: 

For the remainder of the article, Xk will denote the aug- 
mented state vector [x,'p:lT, and wk will denote the aug- 
mented state noise vector [ ( W , " > ~ ( W [ ) ~ ] ?  

Least-Squares Formulation 

stated as: 
The objective of batch state estimation at time k can be 

where 

x; AX' - 

Recall that x p  = F(xt-1, pl-l, u,-,)+ w $ - ~  is an ODE con- 
straint. The positive definite weighting matrices R-', Q-', 
and P i t )  are quantitative measures of our confidence in the 
output model, the dynamical system model, and the initial 
estimate, respectively. Often, diagonal matrices are used with 
each diagonal element chosen to be inversely proportional to 
the expected squared magnitude of the corresponding un- 
known variable. If correlations among the variables are known 
to exist, they can be accounted for by using nondiagonal 
weighting matrices. 

The solution of the preceding optimization represents the 
least-squares estimates for the unknowns and can be denoted 
as X F l k )  w l l k ,  ..., W k - l l k ,  and V l l k ,  ..., Vk,k. The current 
state estimate Xk, can be computed by integrating the model 
equation, Eq. 6, with initial condition x, I + x;, k and input 
sequence w l ,  k, . . . , wk- 1 ,  k. 
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Probabilistic interpretation 
The preceding formulation provides little insight into 

choosing the weighting matrices or interpreting the quality of 
the estimates. By giving a statistical description to the un- 
known variables and choosing an appropriate criterion for 
determining what is meant by the “best” estimates, we arrive 
at a natural choice for the weighting matrices as well as a 
well-defined statistical interpretation of the state estimates. 
We have said that there are an infinite combination of the 
variables (XF, wl, , . . , w k -  I ,  vl, . . . , vk} that explain a given 
measurement sequence. Therefore, we must provide addi- 
tional information about the model prior to the estimation. 
The Bayesian framework provides a way of including this prior 
knowledge in a rigorous statistical manner. All of the infor- 
mation about the states that is contained in the measurement 
sequence can be written in terms of the conditional joint den- 
sity function p(X , ,  . . . , x k  I y, ,  . . . , y k ) .  While this density 
is generally complex and awkward to work with, Bayes’ theo- 
rem provides a method of writing the conditional density in 
terms of the (often) less complicated densities of Xf, {wk}, 
and {v,}. When x f ,  {wk,, and {vk} are uncorrelated, zero- 
mean Gaussian sequences with covariance P I I o ,  Q, and R ,  
respectively, we can write the joint conditional probability 
density function of the state trajectory as 

where c’ is a constant independent of { X I ,  ... , Xk} (for 
proof, see Cox, 1964). It is obvious that the maximum of the 
conditional probability density is obtained by minimizing the 
least-squares objective given by Eq. 8. Thus the least squares 
estimate corresponds to maximizing the joint conditional 
probability density function with respect to { X , ,  . . . , xk}. 
The estimate is the peak or mode of the joint conditional 
density. Since the conditional density in Bayesian estimation 
is often called the posterior density, the estimate that maxi- 
mizes this density is called the maximum a posteriori (MAP) 
estimate. Bayes’ theorem also provides a means of handling 
non-Gaussian systems (see, for example, Ho and Lee, 1964; 
Friedland and Bernstein, 1966) with an associated increase in 
the complexity of the conditional density. 

Moving horizon formulation 
The size of the optimization in Eq. 8 increases linearly with 

the number of measurements. For an estimation technique to 
be computationally feasible, we must be able to bound the 
number of variables to be estimated. The batch estimation 
problem can be modified to employ a fixed-size moving win- 
dow in which the number of measurements that we base our 
estimate on (and, hence, the size of the optimization) re- 
mains constant. The moving horizon state estimation prob- 
lem at time k with horizon size of m (the horizon size is 
equal to the number of measurements used) is formulated as 
follows: 

min 
Xke-rnt, 

( X k - m  + 1) T pk -1  - m + 1 i k- m x k e -  m + 1 

W k - , , , + l .  ... . W k - l  

+ v,TR-’vP 
P = k - m + 1 

k - 1  
+ wTQ-’ 

P = k - m + l  
‘wp (10) 

s.t. 

where 

A xi-, + I = x k - m  + 1 - Xk-m + 1 I k - m  

where Xk- ,+  I ,  k - m  represents the least-squares estimate of 
X k - m + l  obtained at time k - m  and P[?m+,lk-m is the 
weighting matrix expressing the confidence in the estimate 
(e.g., inverse of the conditional covariance of x k - m  + , at time 
k-m) .  At the beginning of the estimation, the number of 
measurements is allowed to grow until it reaches the size of 
the horizon (i.e., t = m). At the next time step the initial esti- 
mate XI I is replaced by X ,  I , and the weighting matrix Pl,; 
is replaced by P i : .  The first measurement y ,  is discarded as 
the current measurement y m + ,  is made available. This pro- 
cedure is repeated at each time step, and the optimization 
remains at constant size for all future times. The probabilistic 
interpretation of Pk I k -  , as the covariance of xk k -  pro- 
vides us with a basis for updating P2 I, from P I ,  o. 

Constrained least-squares estimation 
The states, parameters, and to some extent {uk}  and {wk) 

correspond to physical characteristics of the system. Al- 
though formulating a probabilistic model for these variables 
is difficult, an engineer will usually have knowledge about the 
range of values that they can assume. This information can 
be used as constraints in the least-squares objective to im- 
prove the estimation algorithm (Muske et al., 1993b). We may 
use some or all of the following constraint specifications: 

vmin I u p  I v,, for k - m + 1 5 0 5 k 

X , , , ~ , , I X ~ I X , ,  f o r k - m + l r  P < k  

p m i n ( p P ~ p m ,  f o r k - m + l I  [ s k  

wmin 5 w, I w,, f o rk  - m +ls  P 5 k -1. 

Of course, more complicated constraint formulations (includ- 
ing functions of one or more of the variables) are possible. 

Probabilistic interpretation of constrained least-squares 
estdmaiion 

The Bayesian interpretation of the Kalman filter requires a 
normal distribution for the unknown random variables. This 
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means that although the probability is small, these variables 
may assume arbitrarily large values. For real systems it is usu- 
ally the case that the unknown variables have zero probability 
beyond certain ranges. In other words, variables representing 
physical quantities are almost always bounded. This means 
that the basic assumption of normally distributed random 
variables (or for that matter, any distribution with infinite 
support) is incorrect. While this is not a problem for the ideal 
case, model and covariance errors inherent in real systems 
can lead to the Kalman filter providing estimates that, in fact, 
have zero probability. A more realistic assumption for the 
distribution of the unknown random variables is the truncated 
normal distribution. A complete discussion of the advantages 
of this concept is deferred until a future article. At this point 
it is enough to analyze the effect of constraints on the statisti- 
cal interpretation of the least-squares estimates. 

The discussion of the probabilistic interpretation of con- 
straints is divided into two parts: constraints on the unknown 
random variables and constraints on the states and parame- 
ters. Constraints on the unknown random variables are of the 
form 

vmin 5 v P  I vm, 

wmin < w o  5 w,, 

for k - m + 1 5 P I k 

fo rk  - m +1< P I k -1 

x;in 5 Xl-, + 1 I X;ax.  

Note that (1) when the disturbance/parameter vector p o  is 
modeled as integrated white noise, limits on Apt  correspond 
to limits on the magnitude of w f ;  and (2) constraints on the 
initial state estimate correspond to constraints on Xi -m+ 1. 

The solution of Eq. 10 subject to the preceding constraints 
preserves the MAP interpretation of the state estimates. This 
can be shown by deriving the conditional joint probability 
density function and observing that it is in the same form as 
Eq. 9. In this case c' is a positive constant independent of 
{ X k  - + 1, . . . , X k )  whenever the unknown random variables 
are within the given bounds and is zero otherwise (Proof See 
Appendix). 

When constraints are placed on the states and parameters: 

X m i n ~ ~ p ~ ~ , ,  f o r k - m + l I  P I k  

Pmin p p  i p,, for k - m + 1 i J? 5 k, 

the unknown random variables { X i -  + W k - m  + 1, . . . , wk- 1 }  

may no longer be independent. For example, if the estimate 
of p p  (k - m + 1 < P < k) is at its upper limit, then from Eq. 
3 w f  cannot be positive. From Eq. 10, p r  explicitly depends 
on X i - m +  ,, W k - M +  1, w ~ - ~  + 2 ,  we- therefore, these vari- 
ables are no longer independent. Whether or not the least- 
squares solution is still the MAP estimate depends on how 
we choose to model this dependence (it is more a question of 
modeling philosophy than statistics) and is discussed in the 
Appendix. 

Linear State Estimation 
When the model given by Eqs. 1-2 is linear, the applica- 

tion of the method and the analysis of the results are simpli- 
fied. Since the model constraint is linear, the explicit solution 

for the least-squares estimate can be derived. When inequal- 
ity constraints are used to bound the estimates, a quadratic 
program can be used to obtain the solution. Assume that the 
linear model has the following form: 

The moving horizon estimate for the linear model minimizes 
Eq. 10 subject to the preceding linear model constraints. 

An important issue that has not yet been addressed is how 
to update the initial estimate x k - m  + k - m  and its weighting 
matrix + I k -  m .  Based on a past horizon of m measure- 
ments, X k - m + l l k - m  is the value of X k - m + l  that jointly 
maximizes 

From the discussion on the Kalman filter below (for the un- 
constrained case), 

where X k - m l k - m  is obtained from the solution of the least- 
squares problem at time k - m, and E denotes expectation. 
Given the probabilistic interpretation of Pk-,,,+ I k - m  as the 
covariance of ( X k - m + l  - X k - m + l , k - m ) ,  we can calculate 
Pk - + I - from P,  - l - - using linear filtering theory: 

The matrix inversion lemma can be used to rewrite Eqs. 14 
and 15 in terms of the inverse matrices used in the least- 
squares objective: 

Equations 13, 16 and 17 are then used to update the initial 
estimate and weighting matrix at each time step. 

The use of inequality constraints to bound the unknown 
variables implies that they are not normally distributed. When 
the constraints lead to distributions of the unknown variables 
that are significantly non-Gaussian (e.g., constraints within 
three standard deviations of the mean), the update equations 
just given-which are based on the normal distribution-are 
no longer optimal. In this case, the update of the initial esti- 
mate is more complicated. As in the case of nonlinear esti- 
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mation discussed below, since the conditional distribution of 
the state is no longer Gaussian, some approximations must 
be made. In addition, the constraints will define a feasible 
region for the state estimates that must be propagated using 
the model equations. Discussion of these issues is beyond the 
scope of this article and will be treated in a future article. 

Nonlinear Estimation 
When a linear model is not adequate to describe the be- 

havior of the system, nonlinear estimation is required. In ad- 
dition, even for linear models, simultaneous state/parameter 
estimation (required in the case of unknown or time-varying 
parameters) leads to a nonlinear estimation problem. The 
moving horizon state estimation problem at time k for a 
horizon size of m is given in Eq. 10. The solution requires an 
ODE solver coupled with a nonlinear optimization algorithm 
and is computationally demanding. A better method is to dis- 
cretize the ODE constraints using weighted residual methods 
(e.g., orthogonal collocation, see Villadsen and Michelson, 
1978) and express them as a set of algebraic constraints. 
The optimization is then a nonlinear program (NLP) and 
can be solved via techniques such as SQP. The nonlinear 
state/parameter estimation technique is dual to the nonlin- 
ear MPC techniques previously proposed (Cuthrell and 
Biegler, 1987; Rawlings et al., 1994). Hence, various dis- 
cretization strategies and solution procedures used in nonlin- 
ear MPC are directly applicable to estimation as well. 

For nonlinear systems, updating of the weighting matrix, 
Pi-’, + , , - ,, is more complicated than the linear case. To 
maintain the maximum a-posteriori interpretation of our esti- 
mates, we assume that the initial state is normally distributed 
with mean X I , ,  and variance Pllo. When the number of 
measurements equals the horizon size, we must update X, l o  
and Pfi A with X ,  I , and Pz; at the next time step. However, 
due to the nonlinearity of the system, the error in X,, is no 
longer normally distributed. This means that the distribution 
of X, can no longer be completely characterized by its mean 
and covariance (or, in general, any other finite set of parame- 
ters; Jaminski, 1970). The exact solution for the evolution of 
the conditional density (Kushner, 1964) requires an infinite- 
dimensional system of equations. Therefore, to obtain a com- 
putationally feasible algorithm, some approximations must be 
made. A great deal of research in nonlinear estimation has 
focused on this subject in the context of recursive estimation. 
One approach is to expand nonlinear equations in a Taylor 
series around the conditional mean to obtain equations for 
the evolution of the mean and covariance. When only first- 
order terms are retained the procedure is called the extend- 
ed Kalman filter. Several different second-order filters are 
discussed in Jaminski (1970). The statistically linearized fil- 
ter (Gelb, 1974) accounts for the uncertainty in the estimates 
in obtaining a first-order approximation of the nonlinear 
equations and is generally more accurate than the Taylor se- 
ries expansion. Any of the methods just cited could be used 
for the moving horizon estimator since they are all based on 
propagating the mean and covariance of the conditional den- 
sity. This issue is discussed below in the sections on the 
extended Kalman filter and other approximate nonlinear 
filters. 

Comparison with Other Estimation Methods 
In this section we show how other methods of state estima- 

tion can be represented in the framework of least squares 
estimation. The Kalman filter and its equivalence to least 
squares is widely known, and there is no need to rederive this 
result. The purpose of the first subsection is to highlight some 
aspects of the linear filtering problem which contrast the ap- 
proximate nonlinear filters of the following sections. In the 
next subsection the equivalence between the moving horizon 
estimator and EKF is discussed. The following subsection 
discusses the equivalence between the moving horizon esti- 
mator and other approximate nonlinear filters. The final sub- 
section presents a comparison between the moving horizon 
estimator discussed in this article and previous optimization- 
based approaches. 

Kalman filter 
Instead of finding the state estimates that maximize the 

conditional density, another approach is to choose the esti- 
mate with the minimum error variance, In this case the loss 
function becomes 

where E denotes expectation, x k + ,  is the true state at time 
k +1, and Xk+,,k is the state estimate based on the mea- 
surements up to time k.  (Note that we are using the “predic- 
ted” estimate x k +  l instead of the “filtered” estimated 
x k + l l k + l .  The reason for this is that it simplifies compar- 
isons between the moving horizon estimator and the EKF 
and other approximate nonlinear filters in the next two sub- 
sections.) The optimal solution is the minimum variance esti- 
mate (which is an attractive property for the estimates to pos- 
sess). It is well known that the minimum variance estimate is 
simply the conditional mean: 

Another important property of an estimation algorithm is its 
ability to be implemented in a recursive form. As the number 
of measurements increases, the expression for the condi- 
tional expectation in Eq. 19 becomes increasingly complex. 
Since the process is Markov (the future states depend only 
on the present and not the past states), the conditional prob- 
ability density p ( X ,  ly,, ... , Yk-,) represents all of the in- 
formation contained is the measurement sequence {yl, . . . , 
yk-,). We can therefore rewrite Eq. 19 as 

Depending on the complexity of p(xk I y,, . . . , Y k -  ,I, this 
can represent a significant reduction in the amount of data 
required to compute the current estimate. Suppose that 
p (x, 1 y, ,  . . . , yk- is normal. Three important facts about 
normal random variables that simplify this objective are (1) 
the probability distribution of a normal random variable is 
completely determined by its mean and covariance; (2) linear 
combinations of normal random variables have a normal dis- 
tribution; and (3) if two random variables zl and z2 ,  say, 
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have a jointly normal distribution, then the conditional distri- 
bution p ( z l  I z 2 )  is normal. The first fact states that p ( x k  I y , ,  
... , y k - l )  can be completely characterized by its mean 

Xk I k -  The second fact implies that for linear systems the 
joint distribution 1 ,  yk I p ( x k  I y , ,  . . . , yk- 1 ) ]  is nor- 
mal. The third fact states that p [ x k +  1 I p ( x k  I y , ,  . . . , yk- 1 ) ,  

y k ]  is normal. Based on these facts we can rewrite Eq. 20 as 

Xklk-1 and covariance Pklk-1 = E[(Xk - x k l k - i ) ( x k  - 

Since X ,  is normally distributed, xk+ l k is normal by in- 
duction. In other words, for linear Gaussian systems the 
statistics x k  I k -  and Pk I k -  summarize all of the informa- 
tion contained in the measurement sequence { y l ,  ... , yk- l } .  
The recursive solution to the minimum variance estimation 
problem was given by Kalman (1960, 1961) under the as- 
sumption that the unknown random variables are normally 
distributed. 

We have stated that the state estimate obtained from the 
Kalman filter corresponds to the conditional mean. Recall 
that the state estimate obtained by least-squares estimation 
corresponds to the mode of the conditional joint density 

Since the marginal distribution of jointly normal random 
variables is also normal (with the same mode), the value of 
Xk that corresponds to the mode of Eq. 22 will also be the 
mode of 

which, as discussed earlier, for linear, Gaussian systems is 
equivalent to 

which is the conditional density maximized by the solution of 
the moving horizon objective function. Since m is arbitrary, 
obviously the current estimate Xk+ 1 ,  does not depend on 
the horizon size. For linear systems, the conditional density is 
the familiar bell-shaped normal density. Since this density is 
symmetric and unimodal, the mean also corresponds to the 
mode; therefore, for linear systems the least-squares estima- 
tor and the Kalman filter are equivalent (regardless of hori- 
zon size). For linear systems, the only advantage of least- 
squares estimation (besides its intuitive appeal) is its ability 
to incorporate constraints as previously discussed. 

Extended Kalman filter 
Unfortunately, nonlinear combinations of normal random 

variables do not have a normal distribution. We have men- 
tioned several approximate nonlinear filters that are compati- 
ble with the moving horizon estimator. The EKF is by far the 
most popular and has been used in the past for comparison 
with other horizon-based estimators. For these reasons, the 

propagation of the initial estimate and weighting matrix for 
the moving horizon estimator used in this article (e.g., for 
simulation) is based on the EKF algorithm. This subsection 
provides a detailed discussion of how the equivalence be- 
tween the EKF and moving horizon estimator is established. 
The following subsection discusses how these ideas are ex- 
tended to other approximate nonlinear algorithms. 

The EKF can be divided into two steps. The first is termed 
the measurement correction (given xk I k -  1, its error covari- 
ance (Pk,k- l ) ,  and the current measurement yk, find X k l k  
and Pk k )  and the second is the model prediction (given Xk I 
and Pklk, find Xk+llk and Pk+llk). The steps are then re- 
peated for all future times. 

Measurement Correction.. Recall that we are given x k  I k -  1, 

Pk k -  1 ,  and y k .  Define as before 

If Xz  is small, then a Taylor expansion of the measurement 
equation, Eq. 7, around xk k -  yields 

where 

(26) 

The approximate measurement equation is linear in the un- 
known variable X i .  Furthermore, from Eqs. 21 and 25, 

Since X i  and yk are jointly normal, we can use the Kalman 
filter to calculate E I X ~ l X k l k - I ,  Pklk-1, Y k l  and its covari- 
ance Pk k .  (Note that the EKF uses the linear Kalman filter 
to estimate the deviation from a reference state.) Equation 25 
is used to obtain the measurement correction equations: 

where 

R = cov ( v k )  (31) 

Model Prediction. Proceeding as before, define 

If 2; is small, then a Taylor expansion of the model equa- 
tion, Eq. 6, around x k ,  k yields 
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where 

and we obtain the model update equations: 

where 

Q=COV(Wk). 

Equations 29-31 and 36-37 compose the extended Kalman 
filter. The derivation required the assumption that X; and 

are small (or, equivalently, that the estimates are close to 
the true values). This will not be true, in general, if P k  I or 
Q is large (Jazwinski, 1970). Even if the estimation error is 
small, we have no guarantee that the linearized model is a 
good approximation of the nonlinear system. 

The same concepts used in deriving the extended Kalman 
filter can be applied to the initial state X k - m + l l k - m  and 
weighting matrix P k - r n +  I k - r n  of the moving horizon estima- 
tor to calculate X k - m + Z l k - m + l  and P k - m + Z l k - m + l  at the 
next time step-the major difference being that for the mov- 
ing horizon estimator this update is not required until time k. 
When the the horizon size m is greater than one, we can take 
advantage of this fact by taking the Taylor expansion with 
respect to the smoothed estimate, Xk-,,, + I k .  This is done as 
follows, beginning with the measurement correction: 

where 

An important fact to notice is that the covariance of the term 
(Xk-m+l  - X k - m + l , k )  is P k - m + l l k ;  whereas, it is necessary 
to express the error in terms of ( X k - m + l -  X k - m + l I k - l ) ,  

which has covariance Pk- + I - m. [To understand why this 
must be so, recall from the section on the Kalman filter that 
with a change in the time subscripts, X k - r n + l l k - m  and 
Pk - + I - represent the information about x k  - + con- 
tained in { y l ,  . . . , yk-J.  Since the measurements { y k - m  + 1, 

. . . ,yk}  appear explicitly in the moving horizon formulation 
at time k ,  the initial estimate of Xk-,+, should not be based 
on information contained in these measurements (otherwise, 
we would be using these measurements twice).] Equation 38 
can be rewritten as 

Y k - m  + 1 g ( x k  - m + 1 I k I E k - m  + 1 I k ( X k  - m  + 1 - xk-m + 1 I k 

+ xk-m+ 1 I k - m  - xk-rn+ 1 1k-m)' " k - m +  1 

= g ( x k - m + l l  k ) +  E k - m + l  I k ( X k - m +  I l k - r n  - X k - m + l l k )  

z k - r n +  1 ,  k ( X k - m +  1 - xk-m + 1 I k - m )  

-k Z k - m + l l k - l ( X k - m + l  - X k - m + l l k - m ) +  " k - m + l  

= g ( x k - m +  1 I k ) +  s k - m + l l  k ( X k - m + l l  k-rn - X k - m + l l k )  

rn 

+ ~ k - m + l i k X i - , + I + V k - m + l ,  (39) 

where the first two terms in Eq. 39 are the predicted mea- 
surement and is defined exactly as in the measure- 
ment-correction step of the extended Kalman filter. The 
measurement-correction terms for the (EKF-based) moving 
horizon estimator are 

- 
xk-rn + 1 I k - m  + 1 - xk - m +  1 I k - m  

+ L k - m + l [ Y k - m + l  - g ( x k - r n + l l k )  

- H = k - m  + 1 I k ( X k -  rn + 1 I k - m  - xk-rn + 1 I k ) ]  (40) 
-. 

Pk- m + 1 I k - m + 1 = - " k  - rn + I=  k - m + 1 I k Ipk - m + 1 1 k - rn (41) 

L k - m + l  = P k - r n + l l k - m z k - m + l l k  -T 

( s k - m + l [ k P k - m +  1 I k - m E k - m +  -T I I k + R ) - l *  (42) 

Likewise, the Taylor expansion of the model equations around 
the smoothed estimate yields 

1 
X k - m + l  - x k - r n + l l k ]  +[ z;::;] F ( x k - r n +  1 I k 9  P k - m +  I l k ?  ' k - m c l )  

P k - r n  + 1 I k [;:::::I = [ 
P k - m + l -  P k - m + l  lk 

+ @ k - m  + 1 I k 

I 
1 

F ( X k - m + l l k ,  P k - m + l l k s  U k - m + l )  = [  P k - m + l l k  

X k - m +  1 I k - m +  1 - ' k - r n +  1 I k 

P k - r n +  1 I k - r n + l -  P k - m + l l k  
-k @ k - m +  1 I k 

where 

m + 1 j k = exP ( A k -  m + 1 I k ' 1; 
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X k - m + l  - X k - m + l l k - m + l  

P k - m +  1 - P k - m +  1 I k - m +  1 
X i - m + l -  -I 

The first two terms of Eq. 43 are the model prediction, and 
X i - m + l  in the third term is defined exactly as in the mea- 
surement-prediction step of the extended Kalman filter. The 
measurement-prediction terms for the (EKF-based) moving 
horizon estimator are 

1 x k - m + Z l k - m + l ]  = [ F ( X k - m + l l k ,  P k - m + l l k ,  ' k - m + l )  

P k - m + 2  l k - m +  1 P k - m + l l k  

J (44) 
X k - m  + 1 1 k - m  + 1 - X k - m +  1 I k 

P k  - m  + 11 k -  m + 1 - P k - m  + 1 I k I + @ k - m +  1 I k  

Equations 40-42 and 44-45 compose the update equations 
for the EKF-based moving horizon estimator. When these 
equations are used for the update, the moving horizon esti- 
mator with horizon size of one (m=1)  given by the least- 
squares objective of Eq. 10 is equivalent to the EKF when the 
measurement equation is linear (as is often the case). When 
the measurement equation is nonlinear, equivalence is main- 
tained when the Taylor expansion of Eq. 26 is used instead. 
To show the equivalence we rewrite Eq. 10 for a linearized 
measurement equation and a horizon of one. 

min ( X ~ > ' P ~ ; ~ - ~ X ~  + V l R - l Y k  (46) 
x,. 

s.t. 

where 

xi ' x k  - x k l  k -  1. (47) 

Note that (1) the state equations do not appear in the formu- 
lation when m = 1; (2) the problem is a linear least-squares 
problem; and (3) the solution corresponds to the measure- 
ment-correction step of the EKF. We are given X k l k - l ,  

P k l k - l ,  and yk.  The solution of the preceding least-squares 
problem gives X i  k , which we use in Eq. 47 to calculate x k  I k . 
It can be easily verified that xil k is exactly the measurement 
correction term L k ( Y k  - g(X,, k -  , ) )  appearing in Eq. 29 of 
the EKF. Pk I can be calculated from Pk k -  using Eqs. 41 
and 42, which are equivalent to Eqs. 30 and 31 of the EKF 

when the horizon size m equals one. We have thus calculated 
x k l k  and P k l k .  At the next time step ( k  + 11, the initial con- 
ditions for the least-squares estimator are x k +  l k with 
weighting matrix P k +  I k .  These values are calculated from 
x k l k  and P k l k  using. Eqs. 44 and 45, which are equivalent to 
the corresponding equations of the extended Kalman filter, 
Eqs. 36 and 37, when m = 1. 

We have shown that the EKF-based moving horizon esti- 
mator is equivalent to the EKF when the horizon size is one. 
Furthermore, the horizon size is the only additional tuning 
parameter required by the moving horizon estimator. We are 
now in a position to examine the effect of increasing the hori- 
zon size: 

1. From the discussion in the section on the Kalman filter 
(and the analogous structure of the Kalman filter and EKF), 
at time k the information contained in the measurement se- 
quence { y l ,  . . . , y k )  is condensed by the EKF into the three 
statistics x k l k -  1, P k I k - 1 ;  and Y k .  Since the system is nonlin- 
ear, the conditional density is non-Gaussian and some infor- 
mation will be lost (depending on the degree of nonlinearity 
and the magnitude of the estimation errors, this loss can be 
severe). On the other hand, at time k the moving horizon 
estimator represents the information contained in the mea- 
surement sequence { y l ,  ... , Y k }  by the m + 2  statistics 
X k - m + l l k - m ?  P k - m + l l k - m >  Y k - m + l ,  ... 9 Y k .  None of the 
information contained in the last m measurements is lost, 
and the estimation is based on the nonlinear model over this 
measurement horizon. 

2. Since the update of the initial estimate and weighting 
matrix is based on smoothed estimates (meaning the Taylor 
expansion is a better approximation), the initial state and 
weighting matrix of the moving horizon estimator are a more 
accurate description of the past information than those of the 
EKF. 

The moving horizon estimator retains all of the most re- 
cent information and is more efficient at summarizing past 
information. 

Other approximate nonlinear filters 
One method for improving the performance of the EKF is, 

at each time step, to iteratively relinearize the model equa- 
tions about the filtered estimate. For example, suppose the 
measurement equation is nonlinear. At time k the measure- 
ment correction step, Eq. 29, gives the estimate X k l k .  This 
estimate could be used to relinearize the measurement equa- 
tion following the procedure outlined in Eqs. 38 and 39 for 
m = l .  Equation 40 can then be used to calculate an im- 
proved estimate of X k  I k .  This procedure can be repeated un- 
til the difference in successive estimates of xk I k is less than 
some convergence criterion. This method is called the iter- 
ated extended Kalman filter and is given in Theorem 8.2 of 
Jaminski (1970). Section 9.7 of Jaminski proves that this fil- 
ter converges to the mode of the conditional density p(Xk l 
x k  , k - 1 ,  P k  k - 1 ,  Y k ) .  Therefore, for a horizon size of one and 
nonlinear measurement equations, the EKF-based moving 
horizon estimator is equivalent to the iterated extended 
Kalman filter. 

For nonlinear state equations a second possibility would be 
to use X k l k  and linear smoothing theory to obtain the 
smoothed estimate x k -  1 k .  The smoothed estimate could be 
used to relinearize the state equations following the proce- 
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dure of Eq. 43 with m = 2. Equations 44 and 45 can then be 
used to obtain an improved estimate Xk k -  and covariance 
Pk I - 1.  The measurement equations can then be relinearized 
around the filtered estimate Xk I using Eq. 39 with m = 1. 
Equations 40 and 42 can then be used to calculate an im- 
proved estimate of X,, , ,  Again, this procedure can be re- 
peated until some convergence criterion is satisfied. This 
method is called the iterated linear filter-smoother and is 
given in Theorem 8.3 of Jazwinski (1970). Section 9.7 of 
Jazwinski states that this filter converges to the mode of the 

This is somewhat different than the moving horizon estimate 

Pk- I k - 2 ,  yk -  1, yk) ,  although the iterated linear filter- 
smoother has been found through simulation to provide (in 
many cases) a good approximation to the moving horizon es- 
timator with horizon size 2. We could, of course, take the 
iterated linear filter-smoother one step further and include 
y k -  by relinearizing the measurement equation at time k - 1 
around the smoothed estimate X k -  l with initial conditions 
Xk-  1 ,  - and then moving forward in time 
using Eqs. 40-42 and 44-45. We have also tried iterative fil- 
ters that smooth (by linearizing around the best estimates of 
the state trajectory) m time steps back; however, we have 
observed from simulations that the errors due to the linear 
smoothing often tend to reduce the effectiveness of such an 
approach for improving the estimates of the current state. 
However, there are instances (especially in batch estimation) 
when this type of smoothing is useful for improving open-loop 
estimates of unobservable states through better estimates of 
the initial conditions (see Kozub and MacGregor, 1992, for 
another approach). 

For parameter estimation in linear systems, Ljung (1979) 
analyzed the convergence properties of the EKF in terms of 
an associated differential equation and proposed a recursive 
prediction error method (RPEM) that has global conver- 
gence properties. For more general nonlinear estimation 
problems, the significance of bias at each step of the EKF is 
often assessed by comparing the EKF to higher order filters 
such as those based on a second-order Taylor expansion-the 
terms neglected by the EKF representing the bias. Maybeck 
(1982) and Jazwinski (1970) discuss second-order filters and 
compare them to the EKF. It should be obvious now that a 
second-order Taylor expansion can be used to propagate the 
initial state X k - m + l l k - m  and weighting matrix P k - m + l , k - m  

of the moving horizon estimator, resulting in a least-squares 
filter that is equivalent to the corresponding second-order fil- 
ter when m = l. 

In general, a moving horizon estimator based on any ap- 
proximate nonlinear filter that propagates the conditional 
mean and covariance can be constructed by following the 
procedure of the previous subsection (Le., making all approx- 
imations with respect to the smoothed estimates xk-m + l k 

and then manipulating the results to keep the errors in terms 
of the predicted estimates Xk-m+l  l k - m ) .  The parameter m 
represents the trade-off between additional computational 
requirements and improved estimation. 

The effects of nonlinearities on the solution of the batch 
least-squares problem are also well known. The literature on 
nonlinear regression provides insight into the differences be- 
tween first-order and second-order approximations. Al- 

conditional density p ( X k - 1 ,  x k  I X k - l j k - 1 ,  p k - l l k - 1 ,  y k ) .  

which, for m = 2 ,  is the mode Of p ( x k - 1 ,  X k I X k - 1 1 k - 2 ,  

and Pk - , - 

- 
- X k - m + l l k - m  

Y k - m + l  

0 
0 

Y k - m + 2  

0 
0 

Y k  - 

though these results were derived for the better-known non- 
linear regression model, it should be noted that the moving 
horizon estimator (and, by analogy, the approximate nonlin- 
ear filters) can be put in the standard nonlinear regression 
form: 

- 

+ 

1 1 

Xke-m+l  

U k - m + l  

~ k x - m + ~  

W R - m + I  

U k - m + 2  

wkx- 1 

W R -  I 

uk 

(48) 

Although F( - )  is an integral equation, recall that these prob- 
lems are typically solved by approximating the ODES by alge- 
braic equations. 

We have said that the EKF may produce biased estimates. 
Based on simulation results, Wishner et al. (1969) concluded 
that a second-order filter is less biased than the EKF or iter- 
ated linear-filter smoother (called single-stage iteration filter 
by them). To better understand the bias caused by nonlinear- 
ities, the reader is referred to Box (1971) who used a second- 
order Taylor series expansion to evaluate the bias in the 
weighted least-squares parameter estimates. (We note the 
similarity between his bias-correction term (Eq. 2.21 of Box) 
and theA product of the gain and bias-correction term 
(KTs(fi)6m(r17 )) for the modified truncated second-order fil- 
ter given in Eq. 12.44 of Maybeck (19821.) 

Bates and Watts (1980) provide a great deal of insight into 
the adequacy of a first-order approximation of a nonlinear 
model. Their conclusion was that parameter transformations 
can reduce the effect of nonlinearities, resulting in a model 
that behaves more like a linear model. Ross (1990) lists sever- 
al advantages of parameter transformations under the head- 
ings of “Numerical” (e.g., reduce the dependence on good 
initial guesses, fewer iterations until convergence), “Statisti- 
cal” (e.g., reliability of estimates of confidence regions), and 
“Interpretational.” Since all of the filtering methods discus- 
sed in this article are based on approximation of the condi- 
tional density, reducing the effect of nonlinearities can result 
in better performance (in the sense that the mean and vari- 
ance estimates will tend to be a better approximation of the 
conditional density). Espie and Macchietto (1988) examined 
the numerical advantages of parameter transformations for 
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several different nonlinear models. They found that appro- 
priate transformations could significantly reduce the number 
of iterations required to solve a least-squares problem and 
the dependence on good initial guesses. 

Optimization-based estimators 
As stated in the Introduction, a number of optimization- 

based estimators have been proposed in recent years. Al- 
though the EKF is often used as a benchmark to compare 
their performance, the statistical equivalence between the two 
is usually ignored. Many published methods for parameter 
estimation are based on the following least-squares objective 
function (using our notation and a moving horizon formula- 
tion): 

s.t. 

yp = g ( x , , p p ) +  vp. 

This model is a special case of the dynamic model that we 
consider where all parameters are constant ( w [  = 0, V k ) ,  the 
state equations are completely deterministic ( w i  = 0, V k ,  
which implies that initial state and parameters completely de- 
termine the values of all future states), and the prior distribu- 
tion of the initial states and parameters is uniform 
(Pi-’, + k - m  = 0). It will often be the case that time-varying 
parameters, unmeasured disturbances, or model errors in the 
state equations prohibit the use of such a model (Kozub and 
MacGregor, 1992). 

... , y k )  con- 
tains enough information to obtain suitable estimates of the 
states and parameters, the assumption of uniformly dis- 
tributed states and parameters (P;-lm + k - = 0) is a rea- 
sonable choice. However, for on-line applications, low signal- 
to-noise ratios, or nonlinear systems, there is motivation to 
reduce the computational requirements (i.e., horizon size) by 
weighting the initial estimates. 

To track time-varying parameters this method can be im- 
plemented with a moving measurement horizon (with the pa- 
rameters assumed to be constant over the horizon). However, 
it is necessary to find a compromise between choosing a small 
enough horizon size so that all parameters can be assumed 
constant and errors in the state equations are not significant 
and a large enough horizon size so that the measurements 
contain enough information to identify the parameters and 
states. Often, such a compromise does not exist. Further- 
more, there is no way to model parameters that change at 
different time scales. 

Ramamurthi et al. (1993) proposed using linearized state 
equations based on a predetermined reference trajectory for 
the objective function of Eq. 49. Their objective is a special 
case of the linear least squares formulation in this article. 
Error-in-variables methods (see, for example, Reilly and 
Patino-Leal, 1981; Ricker, 1984) assume measurement error 
in the independent process variables. In the preceding opti- 
mization problem, this would require estimation of the “true” 
process inputs. In this case, an additional error term corre- 

When the measurement sequence 

sponding to the measurement error in the input u (analogous 
to the measurement noise v for the output y )  should be 
added to the objective function. Kim et al. (1991) and Lieb- 
man et al. (1992) proposed an objective function similar to 
Eq. 49 for the error-in-variables case. 

Example I :  Robustness to Outliers. In practice, it is very 
difficult to determine the precise values of the covariances 
for external noises. In fact, external signals are often nonsta- 
tionary and their covariance changes in an unpredictable 
manner. When the Kalman filter is designed based on con- 
stant covariances, sudden changes in the covariance can lead 
to unrealistic state estimates. The ability of the least-squares 
estimator to use a priori known limits on the unmeasured 
disturbances, measurement noise, and states can potentially 
improve the reliability of the estimates in this instance. We 
demonstrate this fact with a simple example: a measurement 
outlier in a single input, single output (SISO) system. 

The following SISO model was used for simulation: 

(50) 

where x is the state to be estimated, y is a measurement of x 
with unit sampling time and corrupted with noise v, and w is 
an unmeasured disturbance that is truncated normal on the 
interval ( - 0.2,0.2) with mean zero and covariance of 0.0064. 
The measurement noise v has covariance 0.01. The initial 
state is zero and the initial estimate was generated from a 
normal distribution with covariance lop6. At time 10 the 
measured output y is 2. This represents an outlier in the 
measurement sequence. When the known bounds on the dis- 
turbance w are used as constraints for the least-squares esti- 
mation, the effect of the outlier is reduced. This is due to the 
fact that even the largest possible disturbance ( w  = 0.2) could 
not have caused such a rapid change in the output, so the 
measurement must be corrupted by noise. Results are given 
in Figure 1. Admittedly, measurement outlier detection by 
itself may not justify the use of the on-line optimization 
method. We have included this example only to show that 
various practical issues in state estimation can be treated 
within the proposed methodology. 

Example 2: Nonlinear Parameter Estimation for a Batch Fer- 
mentation Reactor. This example is based on a batch fer- 
mentation reactor model presented in Ghose and Ghosh 
(1976). The reaction system is the conversion of glucose to 
gluconic acid. The state equations are 

dCC cCcGcO -= 
dt pm K,Co + K,C, + CGCo 

UL ~ cCcG - 0.9082 KpCL dCL 
dt KL  + CG 

-= 

(54) 
CCCG 

- 1.011UL ___ 
K ,  + CG 

AIChE Journal August 1996 Vol. 42, NO. 8 2219 



0.8 I .  -I 
0.7 

0.6 

0.5 

x 0.4- 

0.3 

- 

- 

- 

- 

/ :\&-Moving horizon estimator 
; ; \ .  

; I  'i 
" 'i 

I ,  

; !  * 

-0.1 
0 5 10 15 20 25 30 

Time 

Figure 1. State estimation for Kalman filter and moving 
horizon estimator. 

where Cc is the cell concentration, C, is gluconolactone con- 
centration, C, is gluconic acid concentration, C, is glucose 
concentration, C, is dissolved oxygen concentration, and C;S 
is the equilibrium concentration of dissolved oxygen. For this 
example it is assumed that the maximum specific growth rate, 
pm, and the velocity constant for lactone production, uL, are 
unknown constants. The remaining model parameters are as- 
sumed known, and the interested reader can find their physi- 
cal interpretations in Ghose and Ghosh (1976). Each batch 
run was simulated for 12 hours with measurements of C,, 
C,, and C,, made at 10-minute intervals. 

The initial conditions for the states and parameters are 

In order to make the estimation problem better conditioned, 
the states and parameters were normalized so that they re- 
mained (as much as possible) within an order of magnitude 
throughout the run. Also, the estimates for the states and 
parameters were required to be nonnegative. 

The state vector is augmented by the unknown parameters, 
resulting in seven states to be estimated. The covariance ma- 
trices used in the simulation are 

PI,, =diag [9X10-4 lo-' lo-' 225 3.6x10-' 0.0146.21 

(56) 

The elements of P were chosen so the initial estimates would 
have a standard deviation of 30% of the initial conditions. 
The elements of Q reflect the fact that there is little model 
error and the parameters are constant. The elements of R 
were chosen so that the respective normalized states would 
be measured with variance of lo-'. 

Twenty-five Monte Carlo simulations were made for the 
EKF and EKF-based moving horizon estimator with horizons 
2, 3 and 10. For each run, the true values of the initial states 
and parameters remained constant, while the initial estimates 
and measurement noise were generated randomly from a 
fiormal distribution with the covariance matrices given ear- 
lier. The average sum of the squared errors (SSE) is given in 
Table 1 for the normalized state and parameter estimates. Of 
the 25 runs, the EKF failed to converge to the true 
state/parameter estimates on three runs. The moving horizon 
estimator converged on all runs for all horizon sizes. A typi- 
cal run is presented in Figures 2 and 3, and a run where the 
EKF did not converge is presented in Figures 4 and 5. 

For all runs the EKF and the moving horizon estimator 
track the measured states well. The difficulty in this exampIe 
is the estimation of the unmeasured glucose state and the 
unknown model parameters. The glucose state appears non- 
linearly in the kinetic equations and also multiplies the un- 
known parameters. Hence, the use of a linearized model to 
compute the estimates of these variables can lead to signifi- 
cant errors. The advantages of the moving horizon estimator 
compared to the EKF discussed before enable it to track these 
unmeasured parameters more reliably. 

Conclusions 
In this article, we presented a least squares formulation of 

the general state estimation problem that offers the advan- 
tages of being able to incorporate nonlinear models and in- 
equality constraints on the estimated variables. The proba- 
bilistic interpretation provided a theoretical justification of 
the technique and insights into the choice of weighting matri- 
ces. In order to prevent the computational requirements from 
becoming unwieldy, a moving estimation horizon similar to 
the moving control horizon used in MPC was proposed. This 
provided the user with a convenient method to trade off the 

Table 1. Sum of the Squared Errors for the State and Parameter Estimates 

EKF 158.0 390.8 168.0 266.3 518.8 16.7 6.9 
Moving horizon estimator 

m = 2  4.4 2.0 4.4 3.3 1.8 2.8 1.9 
m = 3  3.2 1.4 4.5 4.1 2.1 2.6 1.8 

m = 10 1.1 0.16 2.9 4.5 0.87 2.4 2.0 
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Figure 2. State estimates for the EKF and moving hori- 
zon estimator ( m  = 2) for the batch fermenta- 
tion example. 
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Figure 4. State estimates for the EKF and moving hori- 
zon estimator ( m  = 2) for the batch fermenta- 
tion example. 
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estimation accuracy against computational efficiency. The 
equivalence between the moving horizon estimator and well- 
known stochastic estimation techniques, like the Kalman fil- 
ter, extended Kalman filter, and other approximate nonlinear 
filters, was discussed. 

Based on this discussion, the following approach to nonlin- 
ear estimation is recommended. Whenever possible, make use 
of parameter transformations to reduce the effects of nonlin- 
earities. Use as large a horizon size as computationally feasi- 
ble. As the horizon size increases, the influence of the initial 
state and weighting matrix is reduced. When the measure- 
ment sequence { y k - m + l ,  ... , y k }  is not expected to contain 
enough information to adequately identify the states and pa- 
rameters, the initial state and weighting matrix will have an 
important effect on the estimates, and extra effort should be 
made to ensure that X k - m + l , k - m  and P k - m + l , k - m  provide 
a reasonable description of past information. 
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Notation 
A =state transition matrix for linearized model 
B =input matrix for linearized model 
P =covariance of augmented state/parameter estimates 
Q =covariance of random noise in the augmented state/parameter 

R =covariance of random noise in the measurement equations; 
equations 

ideal gas constant 
X‘ =error in the initial state estimate 

f( 0 )  =state equations 
g ( . )  =measurement equations 

r =input matrix for linear model 
@ =augmented state/parameter transition matrix for linear and 

j =measurement matrix for linear and augmented linearized 
linearized model 

model 
e 
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Appendix 
The proof assumes that the reader is familiar with the cor- 

responding proof for the unconstrained case (e.g., see 
Jazwinski, pp. 153-154, 1970). To demonstrate the concepts 
while avoiding cumbersome notation, we assume that the sys- 
tem can be described by the following linear model: 

x k +  1 = -k w k  (A1 1 
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where vk ~ ( 0 ,  R )  and wk are mutually uncorrelated. The 
extension to the nonlinear model considered in this article is 
straightforward (the proof in Jazwinski (1970) for the uncon- 
strained case is in terms of a nonlinear model). 
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Using Bayes' rule, we can write the conditional density of 
the states as 

p(x1, ... 9 x ~ I Y ~ ,  . * .  3 Y n )  

Constraints on the random noise terms 
To simplify the proof, (1) assume that only the {wk} are 

constrained (the extension to constraints on x1 or {u,} is triv- 
ial), and (2) assume that the constraints are time invariant 

where G3 is the cuboid [wminr w,,]X . . . X [wminr w,,,] in the 
parameter space of {wk}. Note that p ( x , ,  . . . , x, )  = 0 when- 
ever {wl, . . . , w k }  E @ and p(xl, . . . , x,)  > 0 whenever {wl, 
. . . , wk} E @. This implies that the values of {wk}  that maxi- 
mize the posterior density, Eq. A3, must satisfy the con- 
straints, Eq. A4. The additional fact that c does not depend 
on the { w k )  (only on wmin and w,,,, which are chosen in ad- 
vance) and Za(wl, . . . , wn - 1) is either zero ( if a constraint is 
violated) or one, implies that minimizing the least-squares 
objective of Eq. 10 subject to Eq. A4 is equivalent to maxi- 
mizing the conditional density of the states. 

(again, extension to time-varying constraints is trivial): 
W , i n I W k < W m a x  l I k < ? Z - l .  (A4) Constraints on the states 

To simplify the presentation, assume that a time-invariant 
upper bound is known for the states: Define an indicator function for the set a as 

Based on the constraints of Eq. A4, we can model wk as a 
truncated normal random variable with density function: 

Note that the density is zero whenever wk is outside the in- 
terval [wmin, w,,,,]. The normalizing constant c ensures that 
p(wk) is a proper density (i.e., its integral is one): 

1 

/""'exp( Wmin - . I W T Q - l W ) d W '  
C =  1 (A71 

where W is a variable of integration and does not correspond 
to the actual value of wk in Eq. A6. Note that W is a vector, 
and the integration is over a region whose dimension is equal 

Constraints on wk alter the prior distribution of the state 
trajectory p(xl ,  ... , x , )  but do not affect the likelihood 
function p(yl, . . . , y ,  I xl, . . . , xn) ;  therefore, to prove the 
M A P  interpretation, we must show that the exponential term 
of the prior density corresponds to that of the unconstrained 
case and that the normalizing constant does not depend on 
the estimates. Since { x k }  is a Markov sequence 

to that Of wk. 

n 

p(XI9 ... , X n ) = p ( x l )  n p(Xklxk-1) 
k = 2  

n 

= p ( X l )  n pW(Xk-Ak-1)  
k = 2  

The prior distribution of the state trajectory is determined by 
the distribution of {wk}.  To understand how state constraints 
affect the distribution of {wk],  Eq. A9 can be rewritten as 

k 
Akx,  + Ak-'wi I x,,, 1s k I n - 1. (A101 

i =  1 

As before, only the prior distribution of the states is altered. 
However, in this case, there are several possible models for 
{wk) that satisfy the preceding constraints. We discuss two 
alternatives. The first is chosen so that the least-squares esti- 
mates maximize the conditional joint density; however, the 
underlying model is no longer Markov. The second results in 
a conditional density that cannot be maximized by the solu- 
tion of a least-squares problem, but is of interest since it may 
be more 'appropriate for modeling physical processes. It is 
also interesting to understand when the solution of the least- 
squares objective is good approximation to the MAP estimate 
for the second model. 

The constraints of Eq. A10 construct a feasible 
region in the parameter space of { w k }  (for nonlinear models 
this region is somewhat abstract, but does not invalidate the 
proof). If we assume that {wk} is jointly truncated normal over 
this region, the density can be written as 

Model 1. 

(All)  
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where the (W,} are variables of integration and do not corre- 
spond to the values of {w,} in the joint density (All). 

The derivation of the joint density of the states is different 
than that of (Eq. A8), since {wk} is no longer an independent 
sequence: 

the joint distribution, Eq. A l l ,  assumed for the {w,} resulted 
in a state sequence that is no longer Markov (compare the 
first equality in Eq. A8 with the first equality in Eq. A13). 

A second possible model is to assume that, given 
x k ,  wk is a truncated normal random variable over the range 
of values that do not violate the state constraints on x k +  ,. In 
this case, define a truncated random variable w, whose den- 
sity satisfies the preceding constraints: 

Model 2. 

n where 
Cf:;Ak-'wi]. The normalizing constant for this density is 

63, = [-a, xmaX - Ax,] = [ - 00, x,,, - Akx ,  - 
= P ( x l )  k = 2  n ~ W ~ - ~ I X ~ , W ~  , . . . ,  wk_2(wk-1tx1?wl~ '.' 7 w k - 2 )  

where 63 = a3, x . . . x 6$- ,, with a3, defined as before. The 
expression, Eq. A13, is in the same form as Eq. A8. Since the 
region 63 encloses that parameter space of (wk} that satisfies 
the state constraints and c does not depend on the particular 
realization of {wk}, a similar argument shows that minimizing 
the least-squares objective, Eq. 10 subject to Eq. A9 with the 
joint density of {wk} modeled as in Eq. A l l  is equivalent to 
maximizing the conditional density of the states. Note that 

where 63 = a3, X . . . X a3,- with 6& defined as before. 
Since the normalizing constants in Eq. A16 are functions of 
the {w,}, maximizing the exponential term does not necessar- 
ily maximize the entire expression; therefore, the solution of 
the least-squares problem, Eq. 10, does not necessarily maxi- 
mize the joint conditional density of the states. 
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